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Given a graph G, let K(G) denote the graph whose vertices correspond with the 
edges of G. Two vertices of K(G) are joined by an edge if the corresponding edges 
in G are contained in a clique. This paper investigates some properties of G which 
force duality theorems for K(G). 
I. PROLOGUE 
For the past hundred years mathematicians have delighted in discovering 
esoteric equivalent formulations of the four color theorem (4CT) [2, 7, 91. 
One of the earliest of these asserts that the edges of a bridgeless cubic planar 
graph can be 3colored in such a manner that the edges incident with each 
vertex are colored distinctly. If such a graph is embedded in the plane, its 
Whitney dual is a triangulation. Dualizing the coloring as well produces the 
following formulation of the 4CT: the edges of a triangulation of the plane 
can be 3-colored such that the edges incident with every triangle are colored 
distinctly. 
This particular variation of the 4CT inspired us to investigate the duality 
theorems in the incidence system whose objects are the edges of a graph and 
whose blocks are the edge sets of the cliques (complete subgraphs of the 
graph). 
Let G denote a simple connected graph with at least one edge. We reserve 
x(G) for the chromatic number of G, w(G) for the maximum number of 
vertices in a clique of G, a(G) for the independence number of G, and 8(G) 
for the minimum number of cliques which contain all of the vertices of G 
(for definitions, see [ 11). It is immediate that x(G) > w(G) and 0(G) > a(G). 
A graph G is said to be x-tight if x(G) = o(G), and e-tight if 0(G) = a(G). 
Combinatorial duality theorems assert the x- or e-tightness of graphs 
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under suitably chosen hypotheses. A graph is said to be X-perfect if every 
induced subgraph is X-tight and e-perfect if every induced subgraph is @tight. 
Lovasz proved a fundamental conjecture of Berge, viz. a graph is X-perfect 
if and only if it is B-perfect [8]. Such graphs are therefore called perfect. 
Berge has also conjectured that a graph is perfect if and only if neither it nor 
its complement contains a chordless odd cycle [ 1 ]. 
It is convenient to represent the edge-clique incidence system with a graph. 
We define K(G), the edge-clique graph of G, to be the graph whose vertices 
correspond with the edges of G; two vertices of K(G) are joined by an edge if 
their corresponding edges in G are contained in a clique. Inductively, 
K’(G) = Z‘+-‘(G)). 
A graph G and its edge clique graph K(G) are shown in Fig. 1. Note that 
G is neither x- nor @tight, K(G) is x-tight but not e-tight, and K2(G), the 
union of ten vertex disjoint triangles, is trivially both x- and e-tight. 
Our investigation of the duality theorems in the edge-clique incidence 
system begins in Section 2 with some immediate results on the fundamental 
parameters of K(G). We proceed to show that the 4CT is equivalent to “G 
planar implies K(G) x-tight.” The highlight of this section is the result that 
x(K(G)) cannot exceed x(G), provided G does not contain a clique with 4 
vertices. This result is crucial to showing that if G is 4-colorable, then K(G) 
is x-tight. It is not the case that K(G) is always x-tight. However, in 
Section 3 we show that for any graph G there is an integer r(G) such that for 
all r > r(G), K’(G) is both x- and B-tight (although not necessarily perfect). 
Finally in Section 4 we establish some conditions which force K(G) to be 
perfect. Specifically we show that if G is 3-colorable and planar, then K(G) 
is perfect; and if G is triangulated, then K(G) is triangulated. Conversely if G 
is perfect, K(G) need not be. 
G K(G) 
FIG. 1. G: x(G) = 4, w(G) = 3, B(G) = 3, a(G) = 2; K(G): x(K(G)) = 3, w(K(G)) = 3, 
&K(G)) = 6, a(K(G)) = 5. 
582b/36/3-6 
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II. TIGHTNESS AND THE 4CT 
We begin by bounding the parameters of K(G) in terms of the parameters 
of G. It is clear that the edge set of a clique in G corresponds with a clique 
in K(G). It is also true that a clique in K(G) comes from a set of pairwise 
adjacent vertices in G. As an immediate consequence, we have 
PROPOSITION 2.1. @K(G))= (w\G’). 
Any coloring of the vertices of G maps (by incidence) a pair of colors to 
the edges of G and hence to the vertices of K(G). Adjacent vertices in K(G) 
cannot share both colors. Hence 
PROPOSITION 2.2. Y:“‘) > XV(G)) > dK(G)) = (“:“‘>- 
COROLLARY 2.3. If G is x-tight, then K(G) is x-tight. 
No such result is possible for the parameters 19 and a. Figure 2 exhibits a 
O-tight graph whose edge clique graph is not O-tight. 
FIG. 2. G O-tight, but K(G) not O-tight. 
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It is straightforward to construct a graph G with 8(G) = a(G) = 2 yet 
c@(G)) arbitrarily large. Brigham and Dutton have obtained some bounds 
on these parameters [4]. 
In the next two propositions we show that the 4CT implies that “if G is 
planar, then K(G) is X-tight.” 
PROPOSITION 2.4. Zf w(G) = 3, then x(K(G)) <x(G). Moreover, $x(G) 
is even, then x(K(G)) ,< x(G) - 1. 
Proof We will produce a coloring of K(G). First let the vertices of K, 
(the clique on n vertices) be labelled l,..., n. It is well known that the edges 
of K, can be colored with n colors so that no two incident edges are assigned 
the same color. Moreover, if n is even, n - 1 colors suffice [ 11. Given such a 
coloring of the edges, let c(i, j) denote the color of the edge joining vertex i 
and vertex j. Now suppose G is any n-chromatic graph. Let U(X) in 
( 1, 2,..., n} denote the color assigned to vertex x in a fixed n-coloring of the 
vertices of G. For each edge (x, y) in G we assign the corresponding vertex 
in K(G) the color given by c(v(x), v(v)). Since we used either n or n - 1 
colors on the edges of K,, we use either n or n - 1 colors on the edges of G. 
These colors become a proper coloring of the vertices of K(G). For, since 
o(G) = 3, if u and u are adjacent vertices in K(G), then their corresponding 
edges in G must be in a triangle, and hence incident. Thus u and v are 
assigned different colors in K(G). I 
PROPOSITION 2.5. Zfx(G) < 4, then K(G) is X-tight. 
Proof. If w(G) = 2, K(G) consists of isolated vertices. If w(G) = 3, 
Proposition 2.4 guarantees that x(K(G)) = w(K(G)) = 3. If o(G) = 4, G is 
by hypothesis X-tight, and hence K(G) is X-tight by Corollary 2.3. 1 
COROLLARY 2.6. Zf G is planar, then K(G) is x-tight. 
PROPOSITION 2.7. Corollary 2.6 implies the 4CT. 
ProoJ It is well known that to prove that every planar graph is 4- 
colorable, it suffices to consider triangulations [7]. In a triangulation of the 
plane a triangle is said to be separating if its removal disconnects the graph 
(i.e., it is not a face boundary). Given a triangulation with a separating 
triangle, one can inductively 4-color the triangle and its interior as well as 
the triangle and its exterior. It is then possible to permute the colors in the 
interior so that the two colorings agree on the separating triangle. Thus, in 
attempting to prove the 4CT by induction, we may restrict our attention to 
triangulations with no separating triangle. In particular, we may assume that 
there is no 4-clique in the triangulation. Now if w(G) = 3, w(K(G)) = 3. 
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Since we are assuming K(G) is X-tight, the edges of G can be 3-colored so 
that two edges in a triangle receive different colors. This same coloring will 
be a Tait coloring of the Whitney dual [7, 111. I 
It is tempting to seek a strengthening of Proposition 2.5, yet there can be 
none. The join of graphs G and H, denoted by G V H, consists of vertex 
disjoint copies of G and H together with edges joining each vertex of G with 
each vertex of H. If M, denotes the r-chromatic triangle-free Mycielski graph 
[3, p. 1301, then let G denote M, V (x}. Clearly w(G) = 3 and x(G) = r + 1. 
The edges incident with x in G correspond to a copy of M, in K(G). Hence 
x(K(G)) = r. However, K*(G) is X-tight. 
III. EXPONENTS 
Edges of G become vertices in K(G) and then disappear in K2(G). Thus if 
o(G) = 3, K*(G) consists of vertex disjoint triangles and is consequently 
both x- and B-tight. Generally two cliques of sizes m and n which share t 
vertices in G correspond with two cliques of size (T) and ( 1) which share 
( : ) vertices in K(G). However there are (7) - ( i ) and (y ) - ( i ) vertices 
outside their intersection in K(G) as opposed to (m - t) and (n - t) in G. 
We define the B- or-) exponent of G, denoted by 8- (x-) exp (G), to be the 
smallest integer m such that K’(G) is B- k-) tight for all r > m. It is not 
obvious that these parameters are well defined, especially since the graph G 
in Fig. 2 is e-tight, but K(G) is not e-tight. 
We first generalize the Mycielski style construction of the last section to 
obtain a family of graphs which have an arbitrarily large X-exponent. As 
before, we let M, denote the triangle free n-chromatic Mycielski graph. Let 
H, denote the join of M, and K,. Clearly o(H,) = 5 and x(H,) = n + 3. The 
edges from a vertex of the K, form a copy of M, in K(H,), and each edge in 
the copy of M, is related to the three edges of the K,. Therefore K(H,) 
contains H, as a subgraph, hence x(K’(H,)) > n + 3. Since 
X-exp(H,) can be made large by selecting n large enough. 
In contrast with the preceding examples, we now provide an upper bound 
for the X-exponent of any graph G. A vertex v in G is said to be a snob (or 
simplicial) if it is contained in exactly one maximal clique. Let q(G) be the 
number of maximal cliques in G, and M(G) be the size of the maximum 
intersection of two cliques in G. All logarithms are base 2. 
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THEOREM 3.1. 
log(P:G’) 
log o(G) - log M(G) * 
Proof. Since maximal cliques in G (having at least one edge) correspond 
with maximal cliques in K(G), q(K(G)) < q(G) = q. For the moment suppose 
that 
If this holds, we claim that G is X-tight. We have enough colors to assign the 
vertices which are not snobs distinct colors. Then the snobs are easy to color 
because they are in only one maximal clique. To complete the proof it 
suffices to show that there exists s with 
LEMMA. If n > m, then (Z )A';) > (n/m)'. 




dK”(G)) > dG> *’ 
M(P(G)) ’ M(G) ( 1 * 
We now exhibit a family of graphs (due to Shearer [lo]) which shows that 
the e-exponent of a graph can be arbitrarily large. Let Tin be the complete 
graph on 2n vertices with a perfect matching deleted. Gregory and Pullman 
have shown that f?(K(T,,)) is asymptotically log n [5]. Shearer has shown 
that a(K’(Tz,)) < 3(2’)! [lo]. S’ lnce WV,,)) > WW2,)), if log(n) > 
3(2’)! then @exp(T,,) > r. The following theorem provides an upper bound 
on the e-exponent. 
THEOREM 3.2. @exp(G) S ]log o(G)]. 
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ProoJ: If every maximal clique in a minimum clique covering of G 
contains a snob, then these snobs form an independent set which forces G to 
be e-tight. It thus suffices to show that if I > [log w(G)], then every maximal 
clique in K’(G) contains a snob. Since every vertex in K(G) comes from a 
pair of vertices in some clique of G, the vertices of K’(G) come from 2’ not 
necessarily distinct vertices in G. If 2’ > o(G), then each maximal clique in 
K’(G) contains a vertex x that came from all of the vertices of the 
corresponding maximal clique in G, say x, ,..., x,. If x is not a snob, then 
x, ,..., x, must have been contained in two distinct cliques in G. But x1 ,..., x, 
formed a maximal clique in G. 1 
Theorems 3.1 and 3.2 might suggest that K’(G) should be perfect if r is 
large enough. That this is not the case is evidenced by the strong product of 
a 5-cycle and an edge. 
IV. PERFECTION 
Recall that G is perfect if every induced subgraph of G is X-tight. If H is 
an induced subgraph of G, Proposition 2.3 implies that K(H) is X-tight. 
However, K(H) may not be an induced subgraph of K(G). In addition, an 
induced.subgraph of K(G) need not be K(H) for any induced subgraph H of 
G. The graph G in Fig. 3 is perfect, yet B(K(G)) = 10 while @C(G)) = 9. 
Here the triangle in the center creates the inequality. It is not a subgraph of a 
clique in a minimum clique covering of the edges of G, but its presence is felt 
in choosing a maximum independent set of edges of G. Note that the edges 
FIG. 3. G perfect, but K(G) not perfect; 0(G) = 4 = a(G), x(G) = 4 = w(G), #(G)) = 
6 = w(K(G)), @(K(G)) = 10, a(K(G)) = 9. Note that G is the join of two graphs. 
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((2, U>, (2,3), (D, 4), OX 6), (L2)] correspond to an induced chordless 5- 
cycle in K(G). 
Recall that a graph is said to be triangulated (or chordal) if every cycle of 
length at least four has a chord. Berge showed in 1960 that triangulated 
graphs are X-perfect and hence perfect [ 11. 
THEOREM 4.1. I’ G is triangulated, then K(G) is triangulated. 
Proof (by Contradiction). Let G be a counterexample with a minimum 
number of vertices. Suppose e,,..., e, are the edges in G which correspond to 
a chordless cycle in K(G). All subscript arithmetic is modulo r. Every vertex 
in G must be incident with at least one of e, ,..., e,. For i = l,..., r let the 
vertices incident with ei be labelled xi and yi. Some vertices may receive 
multiple labels. Both xi and yi are adjacent to or identical with Xi- 1, yi- I) 
Xi+ly and yi+ I . Hajnal and Suranyi showed that if G is triangulated and not 
complete, then G contains an articulation clique, i.e., a vertex cut set which 
is a clique [ 11. Suppose A is an articulation clique of G and xi and xi are in 
different components of G-A. If there did not exist m and s such that 
i<m<jandj<s<iandx,,y,,x,, and y, are all in A, then there would 
exist a path of consecutively subscripted vertices joining xi and xj. Since A is 
a clique, e, and e,,, correspond with adjacent vertices in K(G). Hence the 
cycle in K(G) has a chord. 4 
THEOREM 4.2. If G is planar and 3-colorable, then K(G) is perfect. 
Before the proof we need the following: 
LEMMA 4.3. If G is planar and w(G) < 3, then K(G) is planar. 
Proof Suppose G is embedded in the plane. Let each vertex of K(G) be 
identified with an arbitrarily chosen point of the corresponding edge of G. if 
every 3-clique of G is a face boundary, then the edges of K(G) may be drawn 
without crossings interior to the faces of G. On the other hand, suppose G 
contains a separating triangle T. Let G, (G,) denote the subgraph of G 
induced on the vertices interior (exterior) to and on T. Inductively embed 
K(G,) and K(G,) in the plane, taking care in each case to allow the 3-clique 
corresponding with T to be a face boundary. An embedding of K(G) can be 
obtained from the embeddings of K(G,) and K(G,) by identifying the 3- 
cliques corresponding with T. 
Proof of 4.2 (by Contradiction). Since G is planar and does not contain 
K,, K(G) is planar. The strong perfect graph conjecture is valid for planar 
graphs [ 111. Thus, if G is a counterexample to the theorem, K(G) must 
contain either a chordless odd (>5) cycle or the complement of a chordless 
306 ALBERTSON AND COLLINS 
odd cycle. Since the complement of a 5-cycle is itself a 5-cycle, and the 
complement of any larger odd cycle is not planar, we know that K(G) must 
contain a chordless odd cycle. 
If G is a counterexample, let s(G) denote the minimum number of vertices 
in a chordless odd cycle in K(G). Let s denote the minimum of s(G) where G 
is allowed to range over all counterexamples. Fix G, and embedded coun- 
terexample with a minimum number of edges and s(G) = s. Let e, ,..., e, 
denote the edges in G which correspond with a chordless odd s-cycle in 
K(G). All subscript arithmetic is module s. 
For the moment assume that G contains a separating triangle T. There 
must exist r, m with 1 < r, m < s such that e, is interior to T and e, is 
exterior to T. Otherwise we could erase either the inside or the outside of T 
without affecting the s-cycle in K(G). But e,,, and e, cannot be consecutive. 
Hence two of the edges of T must correspond with nonconsecutive vertices of 
the s-cycle in order to complete the cycle. Hence the s-cycle has a chord, 
which is a contradiction. Therefore G cannot contain a separating triangle. 
Next assume that G contains an edge f such that f # e, ,..., e,, but f is 
contained in a triangle with e, and ei+l and in another triangle with ej and 
ej+ 1. The two possible configurations are shown in Fig. 4. If G is as shown 
in Fig. 4a, let C, denote ej, f, ei, ei_ 1 ,..., ej- 1, and C, denote ej+ , , f, ei+, , 
ei+2,-9 ej+2. Both C, and C, correspond with cycles in K(G). Any chord of 
C, or C, in K(G) must arise from f and another edge being contained in a 3- 
clique in G. This forces G to contain a separating triangle, but we have 
shown that it cannot. Since every e4, 1 < 9 < s, is in precisely one of C, and 
C,, exactly one of C, and C, corresponds with a chordless odd cycle in 
K(G). This contradicts the minimality of s unless C, or C, is a 3-cycle. In 
this event G contains a K,, contradicting the 3-colorability of G. A similar 
argument works if G is as shown in Fig. 4b. 
In the next part of the argument we will modify G without changing its 
fundamental properties in order to simplify the final phase of the proof. If 
I= {ei,ei+l,..., ell} is a set of edges in the s-cycle, each of which is incident 
with a single vertex x; and the vertices corresponding with e,,..., e4 form a 
path in K(G); then I is called an interval at x. Suppose there are n maximal 
distinct intervals at x, say II,..., I,,. Since G is an embedded graph, we may 
FIGURE 4 
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consider the edges incident with x which are between two consecutive 
intervals at x, say I, and I,,,+, . If there is no edge between I,,, and I,, , , 
either I,,, and Im+ , are not maximal or the s-cycle in R(G) contains a chord. 
If there is exactly one edge between I,,, and I,,,+ i, then that edge is in a 
triangle with two edges in I, and in a triangle with two edges of I,,,+ 1. We 
have already seen that this cannot occur. If there are more than two edges 
between I,,, and I, + , , then at least one of these edges is not in a triangle with 
two of e , ,..., e, and hence can be erased, since it does not affect the s-cycle in 
K(G). But we picked G minimum with respect to edges. Hence we may 
assume that every pair of consecutive maximal intervals at x are separated 
by exactly two edges incident with x but not in (e, ,..., e,}. 
Recall that the number of maximal intervals at x is n. Split x into n 
vertices, x, ,..., x, , so that xi is incident with the edges in the interval Ij, the 
edge immediately preceding Ii and the edge immediately following Ii. Let G’ 
denote the graph obtained from G by splitting every vertex incident with 
more than one interval. Note that G’ remains a counterexample and the 
number of edges in G’ is identical with the number of edges in G. Further, 
any coloring of the vertices of G immediately transfers to a coloring of the 
vertices of G’. 
There is one remaining technical detail: to show that each interval is 
exactly two edges. Suppose there exists x, a vertex in G’, such that e,, ei+ , , 
and ei+* are all incident with x. Let the other vertices incident with e,, ei+ i, 
and ei+ 2 be denoted by yi, yi+, , and yi+ *, respectively. If G’ were 3-colored, 
then yi and yi+ 2 must be assigned the same color. Identify yi and yitz and 
erase yi+ I . The resulting graph G” is still planar and 3-colorable, and e, , 
e,,..., ei, ei+3,.--, e, corresponds with a chordless (s - 2).cycle in K(G”). If 
s - 2 = 3, it is easy to check that G’ cannot be 3-colored. This contradicts 
the minimality of s. Therefore, G’ contains no interval of length greater than 
two. If there is a vertex z incident with just one ei, then z is adjacent (by e,) 
to a vertex incident with an interval of at least three edges. Hence G’ 
contains only intervals of length 2. 
What we have shown so far is that if the theorem is false, then there is a 
counterexample G’ with edges e,,..., e, (s odd, s > 5) such that the 
corresponding vertices in K(G’) form a chordless odd cycle. Further we 
know that there exist vertices xi,..., x, in G’ such that xj is incident with ej 
and ej+l, 1 < j ,< s. Hence e, ,.,., e, are the edges of an s-cycle in G’ (not 
K(G’)). Since e, and e,, i correspond with adjacent vertices in K(G’), xi-i 
and xi+ i must be adjacent in G’. Thus G’ is the graph with vertices x1 ,..., x, 
and adjaceacies given by xi is adjacent to xie2, xi- i, xi+ i, and xi+ 2. In 
Fig. 5 we exhibit G’ for s = 9. G’ is often referred to as the square of an s- 
cycle. Consider the graph obtained from G’ by contracting the vertices 
Ix3 9 x5 ,*.-, x,-2 } to a single vertex y and contracting the vertices 
1 x4, X6,..., x, - * } to a single vertex z. This graph has five vertices, x, , x2, y, z, 
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FIG. 5. The square of a 9-cycle. 
and xS, and each pair is joined by an edge. By the obvious half of a well- 
known variant of Kuratowski’s theorem, G’ is not planar. I 
Remark. The square of a p-cycle is 3-colorable if and only if p is 
divisible by 3. The graph in Fig. 5 demonstrates the necessity of the 
hypothesis of planarity for Theorem 4.2. Figure 1 exhibits a 4chromatic 
planar graph whose edge clique graph is not perfect. 
V. EPILOGUE 
The relation of edges (2cliques) being in a common clique admits the 
natural generalization of r-cliques being in a common clique. Accordingly, 
given a graph G, let J,(G) denote the graph whose vertices correspond with 
the cliques of size r in G. Two vertices of J,(G) are joined by an edge if the 
corresponding r-cliques are contained in a clique in G. Most of the duality 
theorems and the results on exponents generalize with little modification in 
their proofs. 
We offer the following open questions: 
(1) If X(G) > NW, is x(K(G)) - wW(G)) < x(G) - o(G)? 
(2) If G is 4-chromatic, perfect, and planar, is K(G) o-tight? 
(3) Can the edges of a triangulation of an orientable surface be 3- 
colored so that every face boundary sees three different colors (Griinbaum 
[6lY 
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